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Abstract

! This document serves as an introduction to the algebraic structures of groups, rings, and
fields. A primary emphasis is given to group theory, whereas a full development of rings
is explored in Algebra II. Group theory is the language of symmetry, and the purpose of
these notes is to grant the reader an understanding of mathematical symmetry as it exists
in both pure in applied mathematics. For instance, group theory is used to prove Galois’
seminal result that the general quintic equation is not solvable by radicals. Moreover, the
language of symmetry plays a central role in inorganic chemistry, where the symmetry groups

of molecules and crystal lattices help explain their physical and chemical properties.

'The content of these notes is largely based on A First Course in Abstract Algebra by Joseph Rotman.



Contents

1 Introduction: What is Algebra?

2 Groups
2.1 Some Set Theory . . . . . . . . . .
2.2 Permutations . . . . . . . ...
2.3 Groups . . . . ...
2.4 Subgroups and Lagrange’s Theorem . . . . . . . .. ... .. ... ... ...
2.5 Homomorphisms . . . . . . . . . ...
2.6 Quotient Groups . . . . . . ..
2.7 Group Actions. . . . . . . ..

3 Commutative Rings
3.1 First Properties . . . . . . . . .
3.2 Fields . . . . . o
3.3 Polynomials . . . . . . . ..
3.4 Homomorphisms . . . . . . . .. ..
3.5 Greatest Common Divisors . . . . . . . . .. ..
3.6 Unique Factorization . . . . . . . . . . .. . . ...

11
13
16
17
18
19



Chapter 1

Introduction: What is Algebra?

Classically speaking, the field of math known as algebra refers to the solving of equations,
especially polynomial equations. High school students devote a considerable portion of their
time to studying linear and quadratic equations, which can be solved explicitly. The following

formulae have been known for millennia:

Theorem 1 (Linear formula). If az +b =0 and a # 0, then the unique complex solution is
x = —b/a.

Theorem 2 (Quadratic formula). If ax® + bz + ¢ = 0 and a # 0, then the two complex

solutions are

—b+Vb? — 4dac

2a

There are also (very complicated) formulas to solve cubic and quartic equations by radicals

T1,T2 =

and rational functions. In general, one can use complex analysis to prove that any polynomial

of degree at least one has a complex solution.

Theorem 3 (Fundamental Theorem of Algebra). Any polynomial equation of one variable

with complex coefficients of degree at least 1
2"+ ap_ 12" P4+ aiz +ag
must have a solution in the complex numbers C.

The proof of this theorem is non-constructive—even though every polynomial admits a
solution in the complex numbers, we may not always have a formula for it. Since formulae
for the roots of linear, quadratic, cubic, and quartic polynomials exist, we may ask ourselves
if polynomials of degree > 5 admit a solution in terms of radicals and rational functions.

The answer, as Evariste Galois proved, is no:



Theorem 4 (Galois). There is no ezxplicit formula to solve a general polynomial equation of

degree greater than 4 using only radicals and rational functions.

Galois proved this result by observing that the existence of a solution formula by radicals
would have forced some symmetries on the solutions of a general polynomial equation of

degree n, which does not exist if n > 5.

Example. By Viete’s formula, the two roots of a quadratic equation satisfy

o

1+ Ty =—— T1Ty = —.
a a
The first identity can be though of as a reflectional symmetry over the roots.

Galois was able to expand the field of algebra into its modern incarnation before he died
in a duel at 20 years old. By inventing group theory and field theory, he was able to prove
exactly when a polynomial of degree > 5 admits a solution in terms of radical and rational

functions. As such, symmetry plays a huge part in the theory of groups.

Example. For the equation 2™ = 1, its solutions in the complex numebrs have a cyclic
symmetry. If 2 is a solution, then so is 2§ for any integer k. In fact, we can find a solution
2 = (,, called a primitive n-th root of unity, such that (,, 2, ..., "1, (" are all the solutions

to 2™ = 1. Using Euler’s identity in complex analysis, one can take

e 2 2
Cn = e = cos (—W) + sin (—W> i.
n n

The symmetry of solutions to polynomial equations is formalized in the theory of groups.
This is the starting point of modern algebra.

Modern algebra is concerned with the study of algebraic structures, primarily groups,
rings, and fields. The history of algebra follows a sort of sonata structure: the exposition
is concerned with the millennia-old problem of finding solutions to polynomial equations;
the development focuses on the abstracting of algebraic properties into structures such
as groups, rings, and fields; and the recapitulation returns to the original question: in
a beautiful feat of ingenuity, group theory and field theory are reconciled under Galois
theory, and the insolvability of the general quintic (and higher order) polynomial is proven.

Pedagogically speaking, undergraduate abstract algebra is split into three semester-long
courses: a first course in group theory; a second course in ring theory; and a third course
in field and Galois theory.



Chapter 2

Groups

2.1 Some Set Theory

Very roughly speaking, a set is a collection of objects/elements. Sets can be defined rigorously

using the ZFC! axioms. While we are not going to elaborate on the axiomatic definition of

Y

sets, one thing to always keep in mind is that the collection of “all...” might not be a set.

For example, the collection of all sets is not a set, as no set can be an element of itself. In

fact, the collection of all sets of size 1 (called singleton sets) is not a set.

Definition. Two sets X and Y are equal if they contain exactly the same elements, that is

r€X <« x €Y. The set X is a subset of Y if all elements of X are also elements of Y.

Notation. We write X C Y or X C Y to mean that X is a subset of Y. We write X C YV
if X CY and X # Y. In this case, we say X is a proper subset of Y.

Lemma 4.1. X =Y iff X CY and Y C X.
Definition. The empty set () is a set with no element.

By definition of set equality, we note that there is a unique empty set.
Proposition 4.1. The empty set () is a subset of any set X.

Proof. The criterion “z € ) = x € X” in the definition of subset is vacuously true since

there is no x € 0. m

Definition. Given any set X, its power set P(X) is the set of all subsets of X.

I7ZF stands for Zermelo and Fraenkel, the two mathematicians who proposed the axioms; C stands for

the axiom of choice.



The ZFC axioms guarantee that given any X, the set Y = {x € X | x satisfies ...} is a

valid set. We now turn to some set constructions:
Definition. Let X and Y be two sets.

1. The intersection of X and Y is defined to be

XNY={z|reXandz eV}

2. The union of X and Y is defined to be
XUY={z|zeXorxeY}

When X NY = (), the union is disjoint and we write X LI'Y".

3. The difference of Y with respect to X is

X—YouX\Y={zeX|z¢Y}

4. The Cartesian product of X and Y is the set of all ordered pairs with first coordinate

in X and second coordinate in Y:
XxY={(z,y)[zeX,yeY}

For example, the product R? = R x R is the real plane. Set theoretically, the ordered
pair (x,y) is defined to be the set {z,{x,y}}. From this convention it is clear which
coordinate is meant to be first, and equality among coordinate pairs is coordinate-wise:

(x,y)=(2,y) <= z=2"andy =1

It is possible to take the union, intersection, and product of more than two sets at once.

If I ={1,2,3,4,...,n}, is a finite set, then we write
(Xi=XinXanXsN...NX,
i=1

UXi=xiuxuXxsu..ux,

=1

H Xz = {((L’l, Ty euny l’n)}



If I is any index set (possibly infinite) and {X;};c; is a collection of sets, then we define

() Xi = {z |z € X Vi},

iel
UXi = {z | 37 € I such that z € X},
iel

HXi = {(xz)zel}

icl

Like always, we write |_|,_; X; for the union if X; N X; = () when ¢ # j.

iel

Functions

Definition. A binary relation between two sets X and Y is a subset of X x Y.

Definition. A function/map f : X — Y is a binary relation I'y C X x Y such that for
every zo € X, there is a unique (z,y) € I'y with © = zo. We call I'y the graph of f, X the
domain/source of f, and Y the codomain/target of f. We write z — f(x) to show that
the element € X is mapped to f(z) € Y under f.

The image of a subset S C X is the set of all values that are mapped from elements of S

under f:
J(S) = {f(x) |z € S}.
The image of f is the set of all values of f:
im(f) = f(X) = {y € Y | 3z such that (z,y) € '}

We call f surjective if im(f) =Y. Given a subset S C Y, we define the preimage of S to
be the set of all x € X that map into .S under f:

F7H(S)={z e X[ f(z) € S}.

Example. Let X =Y = R and consider the function f(x) = 2. Then the preimage of the

interval S = (—o0,1] is
FUS) = {z €R | f(@) =2* < 1} = [-1,1],

When S = {y}, we often write f~!(y) instead of f~!({y}) for the preimage. We call f

injective if f~!(y) is a singleton set for all y € Y. If a function is both injective and

6



surjective, then it is called bijective. Notice that if f : X — Y is bijective, then for every

element y € Y, there is a unique = € X such that f(z) = y. The existence of such an x

that maps to y follows from the surjectivity of f, whereas the uniqueness of x as the sole

preimage follows from injectivity of f.

Examples. There are three important classes of functions/maps:

1.

Given any set X, we have the identity map idy : X — X, z + 2. This map is
sometimes denoted by 1x. The graph of idy is the diagonal {(z,z) |z € X} C X x X.
This applies when X = ().

. Given a subset S C X, we have the inclusion map:: S — X, se S—se S C X.

When S = (), we get the empty map ig : ) — X. This is the unique map from ) to X.

In this sense, () is initial among all sets.

Given any yo € Y, we have the constant map C' : X — Y such that C(z) = y, for
all z € X.

There is no map from a nonempty set X to (0.

Question. Is there a set S such that for any set X there is a unique map f : X — S7 Yes,

S = {s} is such an example, called a terminal set

There are a couple of ways to construct new maps out of existing ones:

1.

Given f: X — Y and S C X, we have the restriction f|s: S =Y, z € S+ f(x).

. Given f: X - Y and g : Y — Z, we have the composition go f : X — Z defined

by (go f)(z) = g(f(x)). This only makes sense when the target of f equals the source
of g:

In general, f o g does not make sense unless X = 7.

If f: X — Y is bijective, then f we can define the map f~' : Y — X defined by
y € Y — x such that f(x) =y. (Note that there is a unique x such that f(z) =y). In

this sense, f is invertible.

We list some properties of functional composition.

Proposition 4.2. Let f: X =Y, g:Y = Z, and h: Z — W be maps.

7



1. Composition is unital, that is

foidyof: XLy y

idx

f=foidy: X ¥ x Ly

2. Composition is associative, that is ho(go f) = (hog)o f.
3. If f is bijective, then f is invertible and its inverse is f~':
idy=f'lof: X>Y =X
idy : fof:Y > X Y.
4. If f and g are both invertible, then so is go f, and (go f)™' = f~log™t.

Proof. 4. We need to check that h = f~tog™! satisfies ho(go f) = idy and (go f)oh = idy.

For the former, we see that
ho(gof)=(hog)of=[(fTtog)oglof=[fTo(g og)lof
=[fToidy]o f=f""of=idx.

The proof that h is a right inverse is analogous.
O

Induction can be used to show that f;o fyo...0 f,, does not depend on the way we bracket

the maps:

(((frofa)ofs)o..)o fa=fio(fao(fso(...ofa))).

Definition. Two sets X and Y are said to have the same cardinality (size) if there exists
a bijection f: X — Y.

Lemma 4.2. Suppose X and Y are finite sets. Then X and Y have the same number of
elements iff there exists a bijection f: X — Y.

Equivalence Relations
Recall that a binary relation between X and Y is a subset of X x Y.

Definition. An equivalence relation “~” on a set X is a binary relation between X and
X such that ~ is



1. reflexive: x ~ x for all x € X,
2. symmetric: v~y = y~z,
3. transitive: xr ~yandy~2 = x ~ 2.

The prototype for the definition of equivalence relation comes from the properties of

equality. Indeed equality is an equivalence relation.

Example. Let X = Z and consider a nonzero integer n. Define a relation (called congruence

modulo n) such that that a = b mod n if n | (b — a). This is an equivalence relation on Z.

Definition. Let ~ be an equivalence relation on a set X. For any given z € X, we define

the equivalence class of = to be the set of all elements in X equivalent to z:
2] = {2’ € X | 2/ ~ z}.
The quotient of X by ~ is the set of all equivalence classes of X under ~:
X/w=A{[z] |z € X} CP(X).
Examples.
1. Under equality, the quotient of X becomes
X/=={{z} |z e X}
because [x] = {z} for all x € X.

2. Set theoretically, the integers are constructed as equivalence classes over pairs of natural

numbers:
Z = {(TL, m) | n,mec N}/(n,m)w(n’,m’) if n4+m/=m+n’-

3. Set theoretically, the rational numbers are constructed as equivalence classes over pairs

of integers:

Q={P.q9) | PEZ,q € Lo} pg)(y.a) if pa'—a/-



Exercises

1. (a) Let f: X — Y be a function, and let {S; : i € I} be a family of subsets of X.
Prove that

f <U S,-) = J£(S).

iel i€l

(b) If S; and Sy are subsets of a set X, and if f : X — Y is a function, prove that
f(S1NSy) C f(S1)N f(S2). Give an example in which f(S1N55) # f(S1) N f(.S2).

2. Let f: X =Y and g : Y — Z be two maps of sets. Show that:

(a) If g o f is injective, then so is f.

(b) If g o f is surjective, then so is g.
In particular, if g o f is bijective then f is injective and g is surjective. However, we
do not know if f is surjective or g is injective.

(c¢) Give an explicit example where g o f is injective, but ¢ is not.

(d) Give an explicit example where g o f is surjective, but f is not.
3. Let X and Y be two finite sets. Let Map(X,Y’) be the set of all maps from X to Y.

(a) Show that | X x Y| = |X| x |Y]| and |Map(X,Y)| = |Y|'*|. The latter justifies the
alternative notation Y* for the mapping set Map(X,Y). From this, explain why

it is reasonable to say 0° = 1. 2

(b) Construct a bijection from the power set P(X) to the mapping set Map(X, {0, 1}).
What is the cardinality of P(X)?

4. Let X and Y be sets, and let f: X — Y be a function.

(a) If S is a subset of X, prove that the restriction f|g is equal to the composite f o1,
where ¢ : S — X is the inclusion map.
(a) If imf = A C Y, prove that there exists a surjection f': X — A with f = jf’,

where j : A — Y is the inclusion.

ZNevertheless, 0° is still undefined. This is because the two-variable function f(z,y) = ¥, with natural

domain [0,00) x R — {0} x (—00,0], does not have a limit when (a,b) — (0,0).

10



5. Let f: X — Y be a function. If B; C Y is a family of subsets of Y, prove that
f (U BZ) =Jr (B and f! (ﬂ Bi> =/ '(B).

6. Let f: X — Y be a map between two finite sets with the same cardinality (number

of elements). Show that f is injective iff f is surjective (and hence iff it is a bijection).
7. Determine whether f: Q x Q — Q given by

fla/b,c/d) = (a+c)/(b+d)
is a function.

8. Let f: X — Y be a function. Define a relation on X by x = 2’ if f(x) = f(2’). Prove
that = is an equivalence relation. If x € X and f(z) = y, the equivalence class [z] is

usually denoted by f~!(y), the inverse image of {y}.

2.2 Permutations

Recall that we want to study symmetries of mathematical objects. In the language of set

theory, a symmetry is a permutation.

Definition. A permutation of a set X is a bijection o : X — X. If X is a finite set with

n elements, an arrangement of X is a non-repeating listing x1, ..., x,, of all elements in X.

From the definition, an arrangement of a set X with n elements is the same data as
a bijection {1,2,...,n} — X, i — x;. So a permutation o of X = {1,2,...,n} is also an

arrangement of those numbers:

Examples.

1. There is only one permutation of X = (), namely the empty map.
2. For a singleton set X = {z}, there is also only one permutation.

3. For a set with two elements X = {a, b}, we have two permutations:

a—a a a

b——m—0 b b

11



4. For a set with three elements X = {a, b, c}, there are 6 permutations:

a

C—¢C

a><a a a a——-
b b b><b b><b b b b
—c ¢ c ¢ c ¢

Cc

a a a a

5. In general, a set with n elements has n! many permutations. This also explains why

0l =1.

Definition. Let X be a set. The symmetric group Sx on X is the set of all permutations
of X. When X = {1, ...,

n letters.

n}, we write S,, for Sx. This is also called the symmetric group on

We write af for a o f3.

Proposition 4.3.

1. Iya=a=alx

2. (aB)y =

a(B7)

3. af=ay = f=v

Exercises

1. Determine whether each statement is true or false and provide reasoning.

a) The symmetric group on n letters is a set of n elements.

(c) If o, B € S, then af is an abbreviation for « o f.

d
(e
(f
(g

)
)

)
)

2. Find sgn(a) and o~}

If o € 5, is an r-cycle, then aca

(a)

(b) If o € Sg, then 0" = id for some n > 1.
)

(

If a, B are cycles in .S,,, then af = fa.

If o, 7 are r-cycles in .S,,, then o7 is an r-cycle.

~1is an r-cycle for every a € S,,.

! = waw™!, then 0 = w.

, where
123456789
o= .
9 8 76 543 21

12



3. If n > 3, show that if a € S, commutes with every § € S, then a = (1).
4. Define f: {0,1,2,...,10} — {0,1,2, ..., 10} by
f(n) = the remainder after dividing 4n* — 3n" by 11.

(a) Show that f is a permutation.
(b) Compute the parity of f.

(c) Compute the inverse of f.

5. If n > 2, prove that the number of even permutations in S, is %n!.

2.3 Groups

Definition. Let X be a set. A binary operation is a map — - — : X — X. The set
together with the binary operation (X, - ) is

e a semi-group if - is associative, i.e. Vr,y,2 € X : (z-y)-z=x-(y- 2);

e a monoid if it is a semi-group with a multiplicative unit 1x such that Vx € X :

Ix - z=x=x-1x;

e a group if it is a monoid with multiplicative inverses: Vo € X, 327! such that z-27! =

— =1 .
Ix =a27" a;

e an abelian group if it is a group whose multiplication is commutative: x -y =y - x.

In summary, a group is a set X with a binary operation - such that - is associative, unital, and
has inverses. (X, ) is called abelian if - is commutative. Note that under normal arithmetic,
+ is not a binary operation on {0,1} because 1 +1 = 2 ¢ {0,1}. Binary operations are
closed by definition.

Example. Recall that we have inclusion of number systems: N, C N C Z. The positive
integers under the binary operation of addition (N, +) is a semi-group but not a monoid.
The natural integers under addition (N, +) is a monoid but not a group. The integers under

addition (Z,+) is an abelian group.

Example. Switching to multiplication, we have the inclusion; (N5, x) C (N, x) C (Z, x).
In each of these structures, multiplication is a binary operation, associative, and unital (1
is a unit in each). As none of these structures meet the inverse requirement, they are all

monoids. There are two ways to make them a group:

13



1. We can formally add inverses. For (N, x), this amounts to creating

(@>o= {g ‘p,q€N+},><>

which is a group. Notice that (Qso, X) is not a group because 0 does not have an

inverse: 0-z =0 # 1.

2. We can restrict each set to its invertible elements. Thus ({1}, x) and ({£1}, x) are
both groups. Notice that there is no group structure on () because groups must have a

unit.

Example. Let X be a set and consider the set of maps Map(X, X) = {f : X — X} under
function composition. The binary operation is closed: fog: X — X — X is indeed a map
from X to X. Composition is associative: (fog)oh = fo(goh). The unit in this structure
is the identity map idx. So far, this is enough to show that (Map(X, X), o) is a monoid.

Proposition 4.4. Let (G,*) be a group. Then
1. G has a unique unit,
2. Vg € G, g has a unique inverse.

Proof. 1. Suppose 1g, 1 are both units. Then
lg=1¢- 1, =1,
2. Suppose g € G has two inverses ¢’, ¢”. Then

/" /"

=9 1la=¢-(9-¢")=0¢9)-9"=1c-¢"=¢".
Proposition 4.5. 1. [¢7!]' =g,

2. (g-h)~t=h"t-g7,

3 xy=1ay <= x=1 <= yr=yx.

14



Exercises

1. Determine whether each statement is true or false and provide reasoning.

(a) The function e : Nx N — N, defined by e(m,n) = m™, is an associative operation.
(

b

Every group is abelian.

(
(d

)
)
c) The set of all positive real numbers is a group under multiplication.
) The set of all positive numbers is a group under addition.

)

(e) For all a,b € G, where G is a group, aba 'b~! =1

2. If ay, as, ..., a, are (not necessarily distinct) elements in a group G, prove that

(aray...a,) ' =a'..  aytalt.

3. Matrix representation of complex numbers. Let z = a + bi € C be a complex

number where a,b € R. Consider the linear transformation

2 2 x 7! P .
m, : R — R?, = | |, wherex +iy = z(z +iy).
Y Yy

Check that the matrix representation of m, with respect to the standard basis is (‘g ;b )

This defines a map of sets:

—b
F:C— MyR), a+bi— (a ) .
b a
Verify the following properties of F':
(a) F' is injective.
(b) F preserves addition and subtraction, i.e. F'(z; £ 20) = F(z1) + F(z2).
(
(d
(e

)
)
c) F preserves multiplication, i.e. F(2122) = F(21) - F(22).
) det(F(z)) = |z|>. This implies F(z) is an invertible matrix iff z # 0.
)

F(z71) = (F(2))~! when z # 0. This implies F' preserves division, i.e. F(21/2) =
F(z1) - (F(z29))~" for any 2, # 0.

(f) F(2) = (F(2))", where (—)T means transpose of matrices.

(g) Eigenvalues of F'(z) are z and Z.

15



4. Check that the set of 3 x 3 upper triangular real matrices with non-zero diagonal entries
UT3(R) := {A = (a;;)sx3 € M3(R) | a;j =0forall 1 <j <i<3;ap #0forall<k<3}
is a group under matrix multiplication.

5. Let G = GL(2,Q), and let

A:

0 —1
1 0
2.4 Subgroups and Lagrange’s Theorem

Definition. Let GG be a group. A subgroup H of GG is a non-empty subset that is closed

under group multiplication and inverses:

o if hy,he € H, then hihy € H;

e if he€ H, then h~! € H.
We write H < G for subgroups and H < G for proper subgroups, i.e. H < G and H # G.
Examples.

1. {1g} < @ is the trivial subgroup

2.Z<Q<Q<R<C are subgroups under addition

3. {£1} <R, <R —-{0} < C — {0} are subgroups under multiplication

4. pp={2€C|2"=1} <S'=U(1) < C — {0} are subgroups under multiplication

Theorem 5 (Lagrange). let G be a finite group and H < G a subgroup. Then |H| divides
G|

Proof. The strategy is to decompose G as a disjoint union of subsets G, G, ..., G, that have

size equal to H. For if
G:G1UG2U...UGm,

then clearly |G| = |H| - m. O

16



Exercises

1. (a) Show that a left coset ((1 2)) in S3 may not be equal to a right coset of ((1 2)) in
Ss; that is, there is a € S3 with a((1 2)) # ((1 2))a.

(b) Let G be a finite group and let H < G be a subgroup. Prove that the number of
left cosets of H in G is equal to the number of right cosets of H in G.

2.5 Homomorphisms

Definition. Let (G,*) and (H,-) be two groups. A group homomorphism from G to
H is a map of sets f : G — H such that for all g1,92 € G, f(g91 * 92) = f(g1) - f(g2)-
An isomorphism is a bijective group homomorphism f : G — H, and G and H are
called isomorphic (written G = H) if there exists an isomorphism f : G — H. An
endomorphism of a group G is a group homomorphism f : G — G. An automorphism

of G is a group isomorphism f : G 5 G.

Proposition 5.1. Let f : G — H be a group homomorphism.
(a) f(lc) = 1u.
(b) flg™") =[f(@))™" forallg € G.
(c) If f is an isomorphism, then so is f~': H — G.

(d) If f : G — H, fo: H— K are two group homomorphisms, then foo f; : G — K is a

group homomorphism.

Proof.  (a) Note that 1, = 1, x 15 implies that f(lg) = f(lg * 1) = f(lg) - f(lg). By

cancellation, f(1,) = 1.

(b) The element f(g~!) is a right inverse of f(g), since f(g) - f(g7) = f(gxg™') =
f(lg) = 1. Similarly, it is a left inverse: f(g7') - f(9) = f(¢7 ' xg) = f(lg) = 1.
Thus f(g~") = [f(9)] "

(c) We want to show that for all hy,hy € H, f~Y(hy - ho) = [~ (hy) * f71(hy). Since f is
bijective, there exist g;, g2 such that f(g1) = hy and f(g2) = hy. Then

S hy-he) = N (f(q) - Fg2)) = fH(f(gr % 92)) = g1 % g2 = ' (ha) * [ (ha).
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(d) Denote the group multiplication in K by [J. Then

(go fllaxb) =g(flaxb))=g(f(a)-f(b)) = g(f(a))Dg(f(b))

so that g o f is a group homomorphism.

]

The set of all automorphisms of G is a group under composition. This is a subgroup of the

symmetric group on G as a set Sg = {f : G — G bijective}, i.e. Aut(G) < Sg.

Examples.
1. There are unique group homomorphisms {1} — G, f: G — {1}.

2. For all groups G, the map id : G — G is a group homomorphism:
id(g1 * g2) = g1 * go = id(g1) * id(g2).

3. If H < is a subgroup, then ¢ : H — G is a group homomorphism.

1%

4. For any positive a > 0 the two maps a(™) : (R, +) +— (Rsq, x) : log,(—) are group

isomorphisms:
a*tV =q% - a¥
log,(x - y) =log, x + log, y.

nJ

5. For n > 1 an integer, the two maps (—)" : (Rsg, X) <= (Rsg, X) : /— are inverse

group automorphisms:

(zy)" = 2"y

Yy = VT Y.

2.6 Quotient Groups

Theorem 6 (First Isomorphism Theorem). Let F : H — G be a group homomorphism.
Then Imf < H/kerf.

18



2.7 Group Actions
Theorem 7 (Cayley). Any finite group G is isomorphic to a subgroup of Gig).

Proof. It suffices to construct an injective group homomorphism f : G — Sg = S|g|. By the
First Isomorphism Theorem, it’ll then follow that G//kerf = G = imf. Remember that Sg
is the set of all bijections a : G — G. We define f to send a group element g to the mapping
L, corresponding to left multiplication of g, i.e. f(g) = L, such that L,(¢') = g¢g’. More
explicitly, f : G — Sg, g = (L, : G — G, ¢ — g¢'). We claim this is an injective group
homomorphism. Notice that |[Sg| = G! > |G| unless |G| = 1,2 so that f cannot be surjective
in general. There are three things to verify: firstly, that f(g) = L, € Sg; secondly, that f
is a group homomorphism; and thirdly, that kerf = {15}. Proceeding in this order, notice
that L, : G — G is bijective because it has inverse L,-1: (L,-10Ly)(¢") = ¢ (9¢') = ¢’ and
similarly (Lgy o Ly-1)(¢') = ¢/, thus Lgo O

Remark. g — (Ry: ¢’ — ¢'g). This is a group homomorphism G — Sg.
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Chapter 3

Commutative Rings

3.1 First Properties

Definition. A ring is a set R with two binary operations +, x such that (R, +, X) is an

abelian group and (R, X) is a semi-group (X is associative).
Proposition 7.1. Let (R,+, x) be a ring, r € R.
1. Og x r=0g =17 X Og,
2. Let —r be the additive inverse of r. Then —r = (—1g) X r =1r x (—1g),
3. 1r 15 unique,
4. If 1p = O, then R = {0g}. This is called the zero ring.

Proposition 7.2. If R is a commutative ring, then the binomial formula holds in R:

w3 (o

k=0
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3.2

3.3

3.4

3.5

3.6

Fields

Polynomials
Homomorphisms

Greatest Common Divisors

Unique Factorization
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